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Abstract 

Here we define a Caputo like discrete fractional difference and we com- 
pare it to the earlier defined Riemann-Liouville fractional discrete analog. 
Then we produce discrete fractional Taylor formulae for the first time, and 
we estimate their remainders. Finally, we derive related discrete fractional 
Ostrowski, Poincare and Sobolev type inequalities. 
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1 Preliminaries 

We make 

Definition 1 We follow fjf, 

Let v > 0. The v-th fractional sum of f is defined by 

-. t— V 

A""/ (*, a) = — J2 (t s f (s) . 

^ ' s—a 

Here f is defined for s = a mod (1) and A~ u f is defined for t = (a + li) mod 

(1); in 'particular A~~" maps functions defined on N a to functions defined on 

N a+l/ , where N t = {*,*+ l,t + 2, ...}. 
Here *{.») - r (*+i) 

From now in this context for convinience we set A~ u f (t, a) — A~ v f (t). 
We mention 



Theorem 2 Let f be a real-valued function defined on N a and let /i, v > 0. 
Then 

A~ v (A"*/ (*)) = A-^+")/ (t) = A"" (A-"/ (t)) , Vie N a+Al+ ,. 

We make 

Definition 3 Let /i > and m — 1 < /i < m, where m denotes a positive 
integer, m = , [.] ceiling of number. Set v = m — fj,. 
The \x-th fractional Caputo like difference is defined as 

t—v 

AJf/ (t) = A"" (A™/ (*))= £ (t _ s - 1)^ (A™/) («) , Vte N Q+ , y . 

^ ' s—a 

Here A™ 1 is the m-th order formward difference operator 

m , v 

(A m /)( S )=x: t (-ir~ fe /( S +fc). 

fe=0 ^ ' 

We mention 

Theorem 4 ffffi) For v > and p a positive integer we have 

v-l , _ Jv-p+k) 

A- (t) = A P A~"/ (i) - Y, FT— r -tt A fc / (a) , 

where f is defined on N a . 

Remark 5 Let /i > and m — 1 < fi < m, m = , where m is a positive 
integer, v = m — // > 0. T/ien 6j/ Theorem^ we get 

m—l , Jv—m+k) 

A-"A™/ (t) = A m A~"f (t) - rr^T TTT A ^ ( a ) > 

I (f + k — m + 1) 

where f is defined on N a . 
So we have proved 

m-l , .(„_ m+ fc) 

A?/ (t) = A m A~ u f (t) - rr^T TTT Afe/ ^ > 

f— ' I ( i/ + A; — m + 1 ) 



£/ia£ i 



/.s 



(t-o) 

fe=o 

where f is defined on N a 



A m A-"f (t) = Atf (t) + ]T — A k f (a) , (1) 

I + fc — m + 1) 
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Definition 6 The /i-th fractional Riemann-Liouville type difference is de- 

fined by 

A*/ (t) := A"—/ (t) := A m (A - "/ (t)) , 
where ji > 0, m — 1 < /U < m, = m — /i > 0. 

Remark 7 Consequently from (QJ) we gef 



(t-o) 

fc=0 

where f is defined on N a 



A"/ (t) = A?/ (t) + ^ J— ^ — A fc / (a) , (2) 



2 Results 

We give the following Caputo type fractional Taylor's difference formula. 

Theorem 8 For fj, > 0, fi non-integer, m = [/i] , v = m — /i, it holds: 
m-i /, _ \(fc) -, 

/W = E - J Afc/(a)+ fn £ (i-^-i) ( ^ 1} A^( s ), V^GN Q+m 

fc=0 ' s=a+i> 

(3) 



where f is defined on N a wii/i a G Z + , Z + := {0, 1, 2, ...}. 

Proof. Notice that by Definition [31 

A£/ (t) = (A™/ (i)) = A-C™"") (A™/ (i)), V * G N Q+ „. 

Consequently we get A~^A^/ (t) = A^'A^™-^ (A m f(t)) (by Theorem 
[J = A-0*+( m -"» (A" 1 / (i)) = A-" 1 (A™/ (i)), V * G N a+ „ +M . 

So that 

A-^/(t) = A- m (A m /(t)), VieN a+m . (4) 

We notice that 

(t-s-l)^- 1 ^ T{t - 3) =(t-s-l)(t-s-2)...(t-s-m + l). 
1 (t — s — m + 1) 

(5) 

the falling factorial, here we have t — s — m + 1 > 0. 
Therefore we obtain 

1 t — m 

A- m (A™/ (t)) = ? £ (t - s - 1)^ A m f (s) . (6) 

(m — 1)! 

By ([I], p. 28, Theorem 1.8.5) the discrete Taylor's formula we get 

m— 1 /, n(/c) -, t— m 

/ (*) = E f w + t^w E(*- s - i) (m_l) A ™/ w . (7) 

fe=0 ' s=a 



where t (k *> = t (t - 1) ... (t - k + 1) . 
From the last we derive 

f (*) = E fc , Afc / («) + A ~ MA * / (*) > ( 8 ) 

k=0 

where / is defined on N a , V t G N a+m , proving the claim. ■ 
We make 

Remark 9 Here [a,b] denotes the discrete interval [a,b] = [a, a + 1, a + 2, b], 
where a < b and a, b G {0, 1, ...}. 

Let \x > be non integer such that m — 1 < /i < m, i.e. to = \fi \ . Consider a 
function f defined on [a, b] . Then clearly the fractional discrete Taylor's formula 
|3J) is valid only for t G [a + to, b], a + m < b. 

We need 

Theorem 10 (JEj) Let p be a positive integer and let v > p. Then 

A"(A-"/(t))=A-f"-P)/(*). (9) 

We make 

Remark 11 Let fj, > p, where p G N. Then 

A p (A-"A{f/ (i)) = A-^-') (Ail/ (i)) , V < G N a+m _ p . (10) 
Also notice that 

5j/ ifte Zasi we obtain the following discrete Caputo type fractional extended 
Taylor's formula. 

Theorem 12 Let /i > p, p £ N, /i not integer, to = [~/z] , v = m — fi. Then 
m—x ,, _ \{k-p) -, t—n+p 

fc=p v ^' ^' s=a+v 

(12) 

V i G N a + m _ p , / is defined on N a , a G Z + . 

Note 13 Assuming that f is defined on [a, b], then M l 2fy is valid only for [a + 
to — p,b], with a + m — p < b. 

Notice for p — applied on ilty) we get 

We give 
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Proposition 14 For p, > 0, p, not an integer, m = [/i] , v = m — ji, f is defined 
on N a , a G Z + ; and A k f (a) = 0, for k = 0, m — 1, we get 

f ^ = fh) ^ («-«-l) (M_1) A^/( S ), VtGN Q+m . (13) 

Proof. By ©. ■ 

Also we present 

Proposition 15 Let p > p, p G N, n non-integer, m = \fi\, v — m — p; f is 
defined on N a , a G Z + . Assume that A k f (a) = 0, k = p, m — 1. TTien 

A p / (t) = r J] (* - s - l) ( "- p ~ 1) Aif/ (s) , V t G N Q+m _ p . (14) 

Proof. By (H2D. ■ 

We make 

Remark 16 We want to find 

e <.— 1><-»= e r( ,^: ' +ir e r(t r . ( I: > +1) +rw - 

s—a-\-u s— a-\-v ' s — a+f 

(15) 

H^e notive that 

r(x + i) r(x + 2) r(x + i) 



r(fc + i)r(.T-fc + i) r(fc + 2)r(.T-fc + i) r(fc + 2)r(x-fc) 

with x > k, x, A: G K; fc > —1, x > — 1. 
TTiai is 

r(x + i) i / r(a: + 2) r(x + i) 



r (x - fc + 1) (fc + 1) \r (a; - k + 1) r (x - fc) 



(17) 



i+f r(t-s-p+i) 

('fey (77p for x := t - s - 1 > p > 0, k := fi - 1 > -1, and x > k) 
i Y^t-^-i I" r(t-s+i) r(t-s) 

j_ I"/ r(t-a-t/+l) r(t-a-i/) \ . I Y{t-a-v) Y{t-a-v-\) 

~p, \ r(t-a-i/+l-/i) ~~ r(t-a-i/-/i) J ^r(t-a-i/-/j) r(t-a-i/-l-/i) 
/ r(t-a-i/-l) V{t-a-v-2) \ , / 

lr(i-o-i/-i-p) r(t-a-f-2-/i) J + •■■ I" - r(i) 



r(t-g-^+l) _ r , s 

77ia£ is 



r (*-«-- + i) i». (is) 



/ir (t — a — v + 1 — fj) 
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Consequently we found 

y (t-s- ijfc- 1 ) = r(t- a -«/ + i) = (t- a -^ (19) 

s^+„ nT(t-a+l-m) » 



Using (jl9|) we give 

Corollary 17 (to Theorem^ Let fj, > 0, ji non-integer, m = , v = m — fj,, 
t G N Q + m , / defined onN a , a G Z + . TTien 



/(*)-£^?*-aV(«) 



fc! 

fc=0 



ft - a - v) W 

1 (/i + 1) se{o+!/,a+w+l,...,i-/i} 



(20) 

Similarly we get 

Corollary 18 (to Theorem Let fi > p, p £ N, fi non-integer, m = [fi\, 
v = m — fi, t G N -|_ m _ p , / defined onN a , a G Z + . Then 



k—p 



(t - a - iy) ( ^ p) 
< [ , ' ■ max |AJf/(a) 

rijU— £+1) se{a+v,...,t-/i+p} 



(21) 
We need 

Lemma 19 Let a > v , a,v > — 1, a, v G M, a < b. Then 

T (6 + 2) r (a + 1) \ / (6 + - a> +1 ) \ 



^ f?/ 4- 



(;y + l) Vr(6-z/+l) T{a-v)J \ v + 1 I 

(22) 

Proof. We have 

V b t-(") = V 6 T(r+1) (byJTp) ! ( T(r+2) T(r+1) \ 

Z^r=a Z^r=a r(r-iv+l) ^r=a \^ r(r-i/+l) r(r-y),/ 

1 /v^fe f / r(a+2) r(a+l) \ / r(a+3) T(a+2) \ 

^Z^r=a \ yrfa^v+T) Y{a-v) ) ' \V[a+2-u) T(a+l—v) J ' 
( r(a+4) T(a+3) \ / r(fe+l) T(b) \ / T(b+2) r(b+l) \ 1 \ _ 

\^r(a+3-i/) T(a+2-y) J ^ ---^ \T(b-v) Y(b-\-v) ) \ Y(b-v+l) Y(b-v) ) jj — 

1 / T(b+2) _ r(a+l) \ 
(v+l) \T{b-v+l) Y{a-v) ) ' 

proving the claim. ■ 

Next we present a discrete fractional Ostrowski type inequality. 

Theorem 20 Let [i > p, p G Z + , not an integer, m = \p~\, v = m — p. Here 
f is defined on N a , a G Z + and j G [a + m — p+ 1, &], luiift a + m— p<oGN. 
Assume that A k f (a) = 0, /or A; G [p + 1, m — 1]. 



6 



Then 



(b — a — m + p) 



E A*/Cj) -A*/( 



j—a-\-m—p-\-l 



< 



(b — a — m + p) r (fi — p + 2) 



(b-a-v + l)^- p+1) -T(fjL-p + 2) 



max |A?/(t)| 

t£{a+f,...,o— n+p} I 



(23) 



Proof. By (fl"2"|) we have 



Af/0-)-A p /(a) = — — - E (j-s-l)^- 1 ^^/^), (24) 

for all j 6 [a + m — p + 1 , b] . 
We get that 



1 



b — (a + m — p) 
1 



b — (a + m — p) 



E A"/C7')-A"/(o) = 

j— a+m— p+1 
& 

£ (A*7(j)-A*7(a)) = 



j— a+m— p+1 



(b — (a + m — p)) r (a — p) 

v v vf ^ - r/ j=a+m-p+l \s=a+i^ 



Therefore we obtain 



E E C7 — D^Aff/w 



(25) 



E =a+m - P+ i AP /(j)-A^(a) 



b— (a+m— p) ^,j'=a+m— p+ 



(6— a— m+p) 
1 



eU- p+ i( ap /w- ap /w) 



< 



yb 



(b—a — rn+p) £—ij=a+m—p+l 

1 

(6— a — m+p)T(p J — p) 



\APf(j)-APf(a)\ < 



Zjj= a +m-p+l IZjs=i+i; U ° x y 



Cm-p-i) 



|A£/(s) 



(by Id) 

< 



(6 



-a— m+p)r(/i-p+l) Ej=a+m-p+l C? a ^) 



(m-p) 



max |A*/ (s)| < 



s£{a+v,...j-[j,+p} 



(6-a-m+p) T (jii-p+l) 



Next we use 



E O'-a-^) 

i j=a-\-m— p+1 



(m-p) 



max |A{f/(a)|=:(*) 
se{o+v,...,o-/i+p} 

(26) 



We notice that 

b 

E ~ a ~ v 

j— a-\-m— p+1 



,(m-p) 



E 



~(m-p) 



r— p,— p+1 
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1 I r <»--, + 2) _ r(fl _ p+2}) , (27) 



(H-p+1) \T(b- a-m+p+l) 
Therefore 

1 f T{b-a-v + 2) 

W ~ (b-a-m+p)T{ f i~p + 2) \T (b - a - m + p + I) ~ ^ ~ P + ' 



max |AJ!/(t)| . (28) 

t£{a+u,...,b— p.+pi / 

The last completes the proof. ■ 

Next we give a discrete fractional Poincare inequality. 

Theorem 21 Let /j, > p, p G Z+, /j, non-integer, m= \fi\, v = m — fi. Assume 
that A k f(a) = 0, k = p,...,m - 1, f defined on N a , a e Z+. Let j,5 > 1 : 
i + i = l. Then 



E i*7(?)f < — 1 

(r (m - p)) 



j=a+m 



b /j-H+P N 

E E (Vs-i)^) 

j—a+rn—p \s— a+u / 
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/b-n+p \ 

• £ |A?/( a )| 4 . (29) 

Proof. We have 

A p /(i)= r( _ . E (i-s-l)^" 1 ^^/^), VjG[o + m-p,6]. 

(30) 

Let 7, <5 > 1 such that ^ + | = 1. 
We observe that 

A p / (j) | < — ^— ' E" U s I A * / 

(by discrete Holder's inequality) 

Sfcr^lE (o— ')"-") ■ iH ■ (31) 

I.e. it holds 

|AP/(3)|ii (F^( ? (o—i) —') ) •( E w/wi'l 
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< 



E ((* — i) 



\s—a-\-i/ 



/b-ii+p \ 
J2 |A£/0ON, VjG[a- 



■p,ft]. 



(32) 



Applying Ej=o+m- P on (02) we establish ((29]). ■ 

It follows a discrete Sobolev type fractional inequality. 

Theorem 22 Let /j > p, p £ Z + , /i non-integer, m = v — m — /i. Assume 
that A k f (a) — 0, k — p, m - 1; / defined on N a , a e Z+. Let 7, (5 > 1 : 
i + i = 1 , and r > 1 . T/ien 



E i AP /o')r 



< 



> j—a-\-m— p 



r(/x-p) 



E E ((*— i) 



(m-p-i) 



j—a-\-m—p \s-a-\-i' 



/b-y,+p \ 

E i a ^/»i* 



(33) 



Proof. By (|3"Tj) and discrete Holder's inequality, we have 



|A p /(j)l < 



1 



E O-s-i)^^ 



fb—{j,+p 



E i A */(* 



V j £ [a + m — p, b] , 



where 7, (5 > 1 : ± + ± = 1. 
Hence, by r > 1 we obtain 



(34) 



WOT < 



1 



(r(M-p))' 



E ((i-s-i)^ 



-p-i) 



v s— a-\-v 



/b—fi+p 



E i A */( 4 



V j G [a + to — p, 6] . 



\s— a+u 

Consequently we get 



(35) 



E l A */0T< 

j — a-\-m—p 



1 



(r(M-p)) r 



E 

j—a+m—p \s— a-\-v 



E E 



-p-i) n 
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E \^fi s )\ 5 

\s=a- i r i> j 



(36) 



The last proves the claim. ■ 

We finish with the following discrete fractional average Sobolev type inequali- 

ty- 

Theorem 23 Let < /i 1 < /i 2 < ■■• < Hk't m i — [Mil > v l — mi — Hi, I = 1, fe, 
k £ N. Assume that A T /(a) = 0, for r = 0, 1, ...,mk — 1- / is defined on N OJ 
a e Z + . Lei r > 1; Ci (s) > defined on [a + 6 — /ij], Z = 1, fc. Ca/Z 

^:=E^V, 1 C ''( S )( A * , /( S )) 2 ' 



<5* := max 



p := max 
i<;<fc 

Then 



i<T<k 1 ( r (ft)) 



2\ 2 



oo,[a+fi,6— 



lr,[a+mfc,6] 



fc 



(37) 



Proof. We see that also A T f (a) = 0, r = 0, 1, m; — 1, Z = 1, fe — 1. 
So the assumptions of Theorem [22] are fulfilled for / and fractional orders // z , 
Z = 1, k. Thus by choosing p = and 7 = <5 = 2 we apply (|3"3"|) , for Z = 1, fe, 
to obtain 



E i/eor 

1 j=a+mi 



< 



r(/*,) 



3-fJ-t 



E E (o- — i) 



Oi-l) 



Hence it holds 



(r (/*,)) 



b- 



E ( A *'/( S )r 



s— a+f^ 



E 



E l/(i)l T 



< 



-/'/ 



"Ml 



(38) 



E ( A * ! /»r 



s—a-\-vi 



<S*\ E ( A *7(«)) = <** E (CK*)) -1 
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-ft 



<5V X! Cl(*)(A?'/(*)) ■ (39) 



That is 



6 \ T I b 



E i/wr ^ E i/ot < 



f>-ft 



*V ( E Q(s){^*'f{s)) ] =S*p*Bt, for Z = 1 (40) 

Hence 

ll/llr,[a+m fc ,6] — u f I £ 



<<5V[%^), (41) 



proving the claim. ■ 
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